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Optical Conductivity and Spatial
Inhomogeneity in Cuprate
Superconductors

J. Orenstein

We present an overview of the microwave and millimeter wave response of cuprate superconductors,
emphasizing two basic types of low-frequency optical conductivity, σ(ω), that these materials exhibit.
The first type, exemplified by ultra-pure and stoichiometric YBa2Cu3O7−δ (YBCO) single crystals, is
well described by a single component originating from the Drude response of thermal quasiparticles. In
other cuprate systems that have been studied σ(ω) has an additional component beyond the quasiparticle
contribution, also centered at ω = 0. The existence of this peak has not been widely appreciated because
most of its spectral weight lies in the “terahertz gap” between microwave and infrared regimes. After re-
viewing the evidence for this spectral feature in a wide variety of cuprate compounds, we trace its origin
to quenched spatial variation in the superfluid density, ρs. We show that the trends in optical conductiv-
ity as a function of hole carrier concentration in a series of Bi2Sr2Ca1−yDyyCu2O8+δ (BSCCO) thin
films can be understood by adding a component generated by spatial inhomogeneity to the quasiparticle
Drude peak. We conclude by discussing the role of optical conductivity measurements in investigating
the existence, origin, and importance of inhomogeneity in cuprate superconductors.

7.1. Introduction

7.1.1. Optical Conductivity of Superconductors

The dynamical conductivity, σ(q, ω), is the linear response function that relates current
density to electric field. The q → 0 limit of σ(q, ω) is referred to as the optical conductivity,
or σ(ω), because it describes the response of the medium to electromagnetic waves with
wavelength much longer than the characteristic length scales of condensed electronic systems.
The real part of the optical conductivity, σ1(ω), describes the dissipation of electromagnetic
energy in the medium, while the imaginary part, σ2(ω), describes screening of the applied
field.

Measurement of σ(ω) in a superconductor is a powerful method for probing the dynam-
ics of quasiparticle excitations and the size of the energy gap. According to BCS theory, there
are three dissipative processes that determine σ1(ω) in a superconductor: superfluid acceler-
ation, pair creation, and quasiparticle scattering. The first is the work required to accelerate
electrons to achieve the Meissner screening current. This contribution appears as a δ-function
at zero frequency in σ1(ω), whose spectral weight is the superfluid density, ρs. The latter
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two contributions appear above zero frequency. In pair creation, electromagnetic energy is
dissipated when a photon excites a pair of quasiparticles out of the BCS vacuum; in quasipar-
ticle scattering the photon promotes a quasiparticle, already excited out of the vacuum due to
thermal excitation, to a higher energy state.

7.1.2. Optical Conductivity and the Cuprates

Some special properties of the high-Tc cuprate superconductors make the study of
σ(ω, T ) particularly valuable in these materials. Because the gap is large, even relatively
poor samples are in the clean limit where the scattering rate is smaller than the gap frequency,
or 1/τ � ∆. As a consequence the spectral weight associated with pair creation is very small
and the contribution from quasiparticle scattering can be clearly resolved. Furthermore, σ(ω)
associated with quasiparticle scattering can be quite accurately modeled by the Drude re-
sponse of a dilute gas of weakly interacting particles [1]. This is not true of BCS s-wave
superconductors, where the density of states singularity at the gap energy and the coherence
factors strongly affect the conductivity spectra [2]. In d-wave superconductors, these influ-
ences are considerably weakened because there is a broad range of gap values extending from
zero to the maximum gap, ∆0.

The combination of clean-limit dynamics and d-wave density of states suggests that a
simple two-fluid model (TFM) is applicable to σ(ω, T ) in the cuprates. Because pair creation
has vanishingly small spectral weight, the total conductivity should comprise only two compo-
nents: the condensate δ-function and a Drude-like peak associated with thermal quasiparticles.
The spectral weight of these two components are the normal and superfluid densities, or ρn
and ρs, respectively. The conductivity sum rule requires ρn(T ) + ρs(T ) to be independent
of T .

The TFM does indeed provide an excellent overall description of the microwave prop-
erties of optimally-doped YBa2Cu3O7−δ (YBCO) single crystals [3], particularly for temper-
ature, T , above a few K. By fitting σ(ω, T ) using the TFM, ρs(T ), ρn(T ), and 1/τ(T ), are
determined [4]. However, the microwave properties of all other cuprate systems have turned
out to be very different [5–9], showing clear indications of much greater disorder than YBCO.
Even more significant is the fact that σ(ω) in these systems is inconsistent with the “dirty d-
wave” picture [10], which provides a mean-field description of the effects of disorder on the
conductivity.

According to the dirty d-wave picture, the quasiparticle spectrum is sensitive to disorder
below a characteristic energy scale, E∗ (or temperature scale, T ∗ ≡ E∗/kB). For E < E∗ the
density of states approaches a nonzero value, N (0), at the chemical potential, while remaining
linear in E above E∗. The existence of states at the chemical potential affects the low T
properties of ρn and the quasiparticle conductivity. Instead of vanishing linearly with T , as
expected for a clean d-wave superconductor, ρn(T ) → αT ∗ + O(T 2) as T → 0, where α
is the temperature coefficient of ρn(T ) in the clean-limit. The residual quasiparticle spectral
weight gives rise to conductivity that approaches a “universal” value σd = (vF/v�)σQ/π2 at
low T (where σQ ≡ e2/h̄d and d is the interplanar separation) [11, 12].

The dirty d-wave picture implies a correlation between the low T behaviors of ρs and
ρn that is not observed in measurements on cuprates other than YBCO. In this article, we trace
the inconsistency to the mean-field aspect of dirty d-wave, i.e., the assumption that disorder
generates a nonzero N (0) that is spatially homogeneous. Instead we argue that the density of
states at the chemical potential, N (0), and therefore both ρn and ρs, vary with position in the
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medium [13]. This form of inhomogeneity changes qualitatively the nature of the optical prop-
erties, essentially by invalidating the selection rule that forbids coupling of the longitudinal
excitations of the order parameter to σ(ω). The plausibility of an explanation for anomalies
in σ1(ω, T ) based on spatial inhomogeneity has been strengthened by scanning tunneling
microscopy (STM) measurements [14, 15]. The STM experiments demonstrate that the local
density of states (LDOS) of Bi2Sr2CaCu2O8+δ (BSCCO) varies in space, with spatial fluctu-
ations that have a minimum wavelength of ∼50 Å. The variations in LDOS suggest quenched
inhomogeneity in local carrier concentration, x , and therefore in the local ρs.

The purpose of this article is to describe what can be learned from microwave and
millimeter-wave (terahertz) spectra of cuprate superconductors whose σ(ω, T ) cannot be
described by a mean-field picture of disorder. The presentation is organized as follows. In
Section 7.2 we compare the YBCO microwave data with results obtained on other optimally
doped cuprates, highlighting qualitative differences in σ(ω, T ). Section 7.3 presents a sur-
vey of (some previously unpublished) THz spectra, as measured in films of BSCCO with
hole concentration varying from under to overdoped. These results help to clarify the nature
of the difference in low-frequency conductivity between YBCO crystals and other cuprates.
We show that a second Lorentzian peak, in addition to the quasiparticle Drude response, is
needed to describe the observed σ(ω, T ) in this latter class of materials. The weight of this
peak increases with decreasing T in proportion to the superfluid density, distinguishing it
from the quasiparticle contribution to σ(ω, T ). In Section 7.4 we discuss the origin of the
additional component, suggesting that the proportionality to ρs implies a connection to quan-
tum phase fluctuations of the superconducting order parameter. We argue that the spectral
weight displaced from the condensate by quantum phase fluctuations is strongly enhanced in
the presence of quenched spatial inhomogeneity in ρs. Through a simple model, we show that
the spectrum of the displaced spectral weight depends on the spatial correlation of ρn and
ρs variations in the the medium. Specifically, the spectrum shifts from the plasma frequency
to near zero frequency as the correlation varies from positive (such that regions of large ρs
have large ρn) to negative (regions with large ρs have small ρn). In the last part of Section 7.4
we compare the theoretical modeling with the measured σ(ω, T ). Finally, in Section 7.5 we
discuss the relevance of the low-frequency optical conductivity to the debate over the origin
and role of inhomogeneity in the cuprates, and indicate directions for future research.

7.2. Low Frequency Optical Conductivity in the Cuprates

7.2.1. YBCO Single Crystals: Success of the Two-Fluid Model

Detailed microwave studies of σ(ω, T ) in high quality YBCO single crystals have been
performed by the UBC group. Up to date reviews of this research have been provided by Bonn
and Hardy (this volume) and by Maeda et al. [5]. Two sets of measurements exemplify the
behavior of these materials. Figure 7.1 shows σ1 of an optimally doped crystal as a function
of T for several representative frequencies that range from 1 to 75 GHz [3]. Figure 7.2 shows
data obtained using an experimental technique that enables continuous scan of frequency [17].
Here σ1(ω) is displayed for temperatures in the range from 1 to 9 K, also for an optimally
doped sample.

The main features of the microwave conductivity in YBCO are in excellent agreement
with the predictions of the TFM of a d-wave superconductor in the clean limit. For our
purposes, the essential feature of the data is the T -dependence of the normal fluid spectral
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Figure 7.1. σ1 vs. temperature for various frequencies in the microwave (GHz) range of the spectrum, as measured
on a high-purity, optimally doped YBCO single crystal. From [3].

weight, which is depicted in the inset to Figure 7.2. As we will be discussing conductivity
weight throughout this article, it is useful to settle on one consistent system of units through-
out. The conductivity spectral weight is the integral of σ1(ω) over ω. In the MKS system
we can express spectral weight as the square of a plasma frequency through the relation,
ω2

p = (2/πε0)
∫

σ1dω. Since for typical spectral weights we encounter, ω2
p expressed in s−2

is cumbersome, we suggest defining one spectral weight unit (SWU) as 1030 s−2. A super-
fluid condensate with 1 SWU corresponds to a London penetration depth of 300 nm. The
London length in optimally doped YBCO (parallel to the a-axis) is approximately 150 nm,
corresponding to 4 SWU.

According to the dirty d-wave model, the quasiparticle spectral weight that remains
uncondensed is constrained by the relation ρn(0) � αT ∗, where T ∗ is the T below which
the increase of ρs(T ) is no longer linear. As indicated in the Figure 7.2 inset, ρs(T ) remains
linear in this sample down to at least 1.3 K. Therefore, T ∗ can be no larger than 1 K and,
taking α = 0.02 SWU/K, dirty d-wave predicts that ρn(0) < 0.02 SWU. Referring to the
solid symbols in the inset, we see that ρn(0) calculated by direct numerical integration of
the measured σ1(ω) indeed satisfies this condition, extrapolating to less than 0.01 SWU as
T → 0. The maximum residual spectral weight is less than 0.25% of the condensate at
T = 0.

As the residual spectral weight is so small, the conductivity at all temperatures above
a few K satisfies the relation, ρn(T ) + ρs(T ) = ρs(0). The above expression for the normal
fluid spectral weight, together with a Drude conductivity spectrum,

σ1(ω, T ) = ρn(T )τ (T )

1 + ω2τ 2(T )
, (7.1)

is sufficient to capture all the remarkable features of the quasiparticle conductivity seen in
Figure 7.1 (1) the large peak in σ1(T ) that occurs at temperatures below Tc, (2) the crossover
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Figure 7.2. Main panel: σ1 vs. frequency for several temperatures in the range 1.3–9.0 K, as measured on a high-
purity, optimally doped YBCO single crystal. The solid lines show the best fit to the data obtained using the Drude
model for the quasiparticle conductivity. Inset: The temperature dependence of the quasiparticle spectral weight as
determined from numerical integration of the measured σ1 and as inferred from the penetration depth. From [17].

of the peak T from ω-dependent to ω-independent behavior with decreasing frequency, and (3)
the collapse of σ1(T ) at all frequencies to a single curve at high T [4]. According to Eq. (7.1),
σ1 approaches a frequency-independent value, ρnτ , in the high T regime where ωτ(T ) � 1,
thus explaining (3). The increase in σ1 with decreasing T in this regime indicates that τ
increases faster than ρn decreases. This is the evidence for the famous “collapse” of the qua-
siparticle scattering rate upon entering the superconducting state [18, 19], an observation that
plays a crucial role in theories of high-Tc superconductivity. Regarding features (1) and (2),
Eq. (7.1) predicts that σ1(T ) will start to decrease when τ begins to exceed ω−1. This accounts
for a frequency-dependent peak T . However, as the measurement frequency is made lower, it
will eventually become smaller than the low T limit of 1/τ determined by elastic scattering.
In this regime, σ1(T ) peaks when the increase of τ can longer overcome the decrease of ρn
with decreasing T . The frequency scale at which the peak becomes T -independent (∼10 GHz
in YBCO), provides an estimate of the elastic scattering rate. Note that an elastic scattering
rate of 2π × 10 GHz, together with a Fermi velocity of ∼2.5 × 107 cm s−1, corresponds to
mean-free-path in the neighborhood of several microns.

7.2.2. The BSCCO System: Failure of the Two-Fluid Description

In the BSCCO family of superconductors, σ(ω, T ) has been studied in nearly as much
detail as in YBCO crystals [5]. Figure 7.3 shows an example of microwave data on an opti-
mally doped BSCCO crystal [6] presented in the same format as Figure 7.1. The differences
are quite striking, especially considering that the BSCCO and YBCO samples have almost
the same Tc. In BSCCO, σ1(T ) is independent of ω in the same range of frequency where
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Figure 7.3. σ1 vs. temperature for various frequencies in the GHz range, as measured in an optimally doped BSCCO
sample. Note that the optical conductivity is independent of frequency throughout the same range that it depends
strongly on frequency in YBCO. From [6].

σ1(T ) in YBCO depends very strongly on ω. This contrast immediately suggests that 1/τ is
significantly larger in BSCCO as a result of increased disorder. However, despite the evidence
for increased disorder, ρs(T ) increases linearly with decreasing T (see Figure 7.4) to at least
5 K [6, 7].

Based on these results, we can say that σ(ω, T ) in BSCCO does not satisfy the condi-
tions for internal consistency required by the dirty d-wave picture. From ρs(T ) we see that T ∗
cannot be greater than ∼3 K. Using the same value of α as in YBCO, dirty d-wave predicts
an upper bound on ρn(0) of 0.06 SWU. However, this is much smaller than the uncondensed
quasiparticle spectral weight inferred directly from

∫
σ1(ω)dω. As σ1 is ω-independent up to

35 GHz, the characteristic roll-off frequency of the Drude peak cannot be less than ∼100 GHz,
placing a lower bound on ρn(0) of ∼0.45 SWU. Thus, this BSCCO sample is highly ordered
based on ρs(T ), but highly disordered based on ρn(T ).

THz spectroscopy performed on BSCCO films captures the frequency dependence of
σ1 that takes place above the range of microwave spectroscopy [20, 21]. In Figure 7.5 we
show σ1(ω, T ) vs. T for an MBE-grown, slightly sub-optimally doped BSCCO thin film, for
a series of representative frequencies from 150 GHz to 800 GHz. The lowest frequency THz
data are quite similar to the highest frequency microwave data. Only above 150 GHz does
σ1 begin to change. These data prove that the essential frequency dependence of σ1(T ) in
BSCCO occurs at frequencies almost two orders of magnitude larger than in YBCO single
crystals. Using these data, a more rigorous lower bound on ρn(0) of 0.6 SWU is obtained by
numerical integration of σ1 up to 1 THz. The uncondensed spectral weight in this sample is
more than a factor of 60 larger than in the UBC-grown YBCO single crystals, and represents
30% of ρs(0).
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Figure 7.4. The temperature dependence of the inverse square of the penetration depth (proportional to the super-
fluid density, ρs), normalized to its value in the T → 0 limit, for the same sample as Figure 7.3. ρs(T ) in BSCCO
shows the same clean-limit behavior as YBCO, despite its much greater quasiparticle scattering rate. From [6].
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Figure 7.5. σ1 vs. temperature for various frequencies in the THz range, as measured in a slightly underdoped
BSCCO thin film with Tc = 85 K.

That ρn(0) is comparable to ρs(0) may be surprising to many readers. The more familiar
picture of the optical conductivity in BSCCO comes from measurements of IR reflectivity, R,
on bulk single crystals [22], an example of which is shown in Figure 7.6. Kramers–Kronig
analysis of R(ω) provides an extremely accurate measurement of σ(ω) over a wide range
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Figure 7.6. Upper panel: Reflectance as measured on an optimally doped BSCCO crystal as a function of frequency
(in wavenumbers) at the temperatures indicated in the legend. Lower panel: Real part of optical conductivity as
obtained by Kramers–Kronig transformation of the reflectance. From [22].

of frequency. However, the Kramers–Kronig analysis becomes unreliable when R becomes
too close to unity, typically for frequencies below ∼100 cm−1, or roughly 3 THz. As a result,
IR reflection measurements are not sensitive to the low-frequency component of σ(ω) that is
seen in microwave and THz spectroscopy. We note that this component, which approaches
6 × 106 �−1 m−1 as ω → 0, is a factor of 30 larger than the value of the conductivity at the
low-frequency limit of IR reflectivity measurements.

A plot of σ1 as a function of frequency from 0.01 to 100 THz, shown in Figure 7.7,
presents a more complete picture of the low T optical conductivity of optimally doped
BSCCO. The broad-band spectrum was assembled from microwave [6], terahertz [20], and
infrared [22] data. For reference, the value of the universal d-wave conductivity is shown as
a triangle symbol on the left-hand axis. Considering that the plot is a composite of data ob-
tained from three different techniques (and three different samples), the continuity of σ1(ω) is
remarkable. The composite plot clearly demonstrates that the low T conductivity is dominated
by a component centered at ω = 0, with width ∼300 GHz.

For comparison, we show (in Figure 7.8) a composite of optical conductivity data
as measured in optimally doped YBCO crystals (open symbols). The YBCO spectrum is
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Figure 7.7. Composite plot of σ1 at T ≤ 10 K as a function of frequency in THz. The spectrum is assembled
from microwave [6], terahertz [20], and infrared [22] data. At low T the conductivity is dominated by a component
centered at ω = 0, with width �300 GHz, whose magnitude as ω → 0 is much greater than the “universal d-wave
conductivity” (triangle). The dashed line shows a Drude spectrum for scattering rate (2π)×3×1011 s−1 and plasma
frequency 1.1 × 1015 s−1, corresponding to 1.2 SWU in the units defined in the text.

assembled from microwave [3,17] and infrared [23] data. The composite spectrum highlights
several interesting features of the optical conductivity in YBCO. The conductivity in the low
ω, T limit is comparable to that of optimal BSCCO and is larger than the universal d-wave
value by a factor of approximately 20. In YBCO, the uncondensed spectral weight in the mi-
crowave region is much smaller than in BSCCO because the characteristic cutoff frequency is
∼3 GHz, compared with ∼300 GHz in BSCCO. However, we cannot conclude with certainty
that the total uncondensed spectral weight in YBCO is small because, despite intense study of
this material, that there is a large regime of frequency (0.08–3.0 THz) in which σ(ω) has not
been measured. Moreover, a linear extrapolation of the power law decay of σ(ω) in the mi-
crowave regime to higher frequency far underestimates the conductivity at the low frequency
limit of the infrared data. For purposes of illustration we have indicated (as a dashed line) one
possible behavior of the conductivity in the THz regime. If the conductivity did indeed plateau
near the universal d-wave value, the uncondensed spectral weight would be ∼0.2–0.3 SWU,
which is still less than 10% of the condensate spectral weight in this material. Of course, the
conductivity could, instead, exhibit a deep valley or large peak in the unmeasured frequency
range.

7.2.3. Additional Examples

BSCCO is not the only example of a cuprate superconductor in which as much as one-
third of the quasiparticle spectral weight remains uncondensed as T → 0. Another example is
optimally doped La1−x Srx CuO (LSCO), whose σ(ω) in the THz frequency regime has been

joseph oresntein
Cross-Out
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Figure 7.8. Composite plot of σ1 in optimally doped YBCO, assembled from microwave [3, 17] and infrared [23]
data. The blue and red symbols correspond to sample temperatures of 1.3 and 9 K, respectively. The line is a guide to
the eye, illustrating one of the many possible ways that σ1 could vary through the THz region where it has not been
measured.
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Figure 7.9. σ1 vs. temperature for various frequencies in the THz range, as measured in an optimally doped thin
film of LSCO with Tc = 35 K. The frequencies are given in wavenumbers, which can be expressed in Hz using the
conversion 1 wavenumber = 30 GHz. From [8].

reported by Pronin et al. [8] (Figure 7.9). These authors analyze their data using a Drude model
for the quasiparticle conductivity in which ρn(T ) + ρs(T ) is constrained to be constant, but
not necessarily equal to ρs(0), thus allowing for the possibility of uncondensed quasiparticle
spectral weight. From this analysis they conclude that ρn(0) is four times larger than ρs(0).
The total spectral weight, ∼2 SWU, is nearly the same in LSCO as in BSCCO. However,
the condensed portion in LSCO is only 0.4 SWU, which corresponds to a London length of
400 nm. Thus we see that the larger London length in LSCO, which is well known from other
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Figure 7.10. Upper panel: Dynamical penetration depth (proportional to (ωσ2)−1/2 as a function of temperature
for several frequencies in the THz regime. Upper panel inset: Penetration depth at low temperature plotted on a linear
scale. Diamonds indicate extrapolation to zero frequency. Lower panel: σ1 as a function of temperature for the same
frequencies indicated in the upper panel. Lower panel inset: Positions of σ1 peaks in frequency–temperature plane.
From [25].

measurements [24], is not a consequence of smaller low-energy spectral weight, but rather
results from the fact that only a small fraction of the low-energy spectral weight actually
condenses to form the superfluid.

Another example of a system with a large residual spectral weight is YBCO in thin
film form. The lower panel of Figure 7.10 shows σ1(T ) in the THz regime for an optimally
doped YBCO thin film [25]. These data show clearly the presence of uncondensed spectral
weight in the T → 0 limit. It is straightforward to estimate that ρn(0) � 1 SWU, which is
approximately one-third of the spectral weight that condenses. These results demonstrate that
nearly compete condensation is not a general property of the YBCO system, but rather it is a
unique property of ultra-pure, stoichiometric YBCO single crystals.

7.3. Optical Conductivity vs. Hole Concentration in BSCCO

7.3.1. Systematics of the Conductivity Anomaly

In this section we review THz conductivity measurements performed on a set of BSCCO
films (which includes the optimally doped film discussed in Section 7.2) with varying hole
concentration, x [20, 21, 26, 27]. The trends in σ(ω, T ) with x clarify the nature of the un-
condensed spectral weight. The data suggest strongly that an additional contribution to σ1(ω),
beyond the Drude response of quasiparticles, is required to understand the optical conductivity
of the majority of cuprate samples.
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Figure 7.11. Left panel: σ1 and right panel: σ2 at the THz range frequencies indicated in the legend, as measured
on an underdoped BSCCO thin film with Tc = 51 K. In contrast with optimally doped films, σ1 peaks near Tc at all
frequencies and the residual conductivity in the T → 0 limit is small. The dynamical superfluid density, proportional
to σ2, is essentially linear with from low T to Tc.

The Tcs of the films range from 51 K (underdoped) to 75 K (overdoped). The real and
imaginary parts of σ(ω, T ) for each sample are presented, in the left and right-hand panels,
respectively, in Figures 7.11, 7.12, and 7.13. To illustrate the trend most clearly, we first com-
pare σ(ω, T ) in the end members of the series, the most underdoped (Figure 7.11) and the
most overdoped (Figure 7.13). In the overdoped sample σ1(ω, T ) is similar to that in the near-
optimally doped sample discussed in Section 7.2. The peak in σ1(T ) moves systematically to
lower T with decreasing ω. However, σ1 does not approach zero below the peak T ; a sub-
stantial amount of spectral weight remains uncondensed in the limit that T → 0. The THz
conductivity of the most underdoped sample is markedly different, in that σ1(T ) peaks just
below Tc, independent of frequency. Moreover, spectral weight decreases at low T as expected
for a clean d-wave superconductor. The σ1 spectra for the intermediate sample (Tc = 71 K)
follows the trend in that the low T dissipation, while clearly visible in the 100 GHz data, is
much smaller than in the more heavily doped samples.

We next discuss why the Drude conductivity of superconducting quasiparticles is in-
sufficient to model the σ(ω, T ) observed in this set of BSCCO films. There are three basic
reasons:

1. The single component Drude spectrum cannot describe the ω and T dependence of
σ . A robust prediction of any single component model is that σ1(T ) for all ω merge
as T → Tc (as seen in the YBCO single crystal data). This prediction does not
depend on a specific choice of frequency dependence for the quasiparticle peak, such
as Lorentzian. It is seen in all single-component models because the initial increase
in σ(T ) with decreasing T requires ωτ � 1 near Tc. In this limit σ1 → σ(0, T ),
which is, of course, independent of ω. As is most clear in the spectra in the optimal
and overdoped BSCCO films, σ1(T ) at different ω fans out immediately below Tc, a
feature which is at odds with the single component picture.
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Figure 7.12. Left panel: σ1 and right panel: σ2 at the THz range frequencies indicated in the legend, as measured on
an underdoped BSCCO thin film with Tc = 71 K. The behavior of σ1 is intermediate between that of very underdoped
and optimal samples in that the residual conductivity is apparent only at the lowest measurement frequency.
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Figure 7.13. Left panel: σ1 and right panel: σ2 at the THz range frequencies indicated in the legend, as measured on
an overdoped BSCCO thin film with Tc = 75 K. Here the residual conductivity is even larger than in the optimal sam-
ple, demonstrating clearly the trend that the spectral weight that remains uncondensed as T → 0 is a monotonically
increasing function of the hole concentration.

2. Forcing a single component fit yields frequency dependent ρn and τ . A useful
perspective on “fitting” optical conductivity data is to recognize that the real and
imaginary parts of σ(ω) constitute two independent observables at each frequency
(although they are nonlocally related through Kramers–Kronig relations). Therefore,
if the two free parameters, ρn and τ , are allowed to vary with ω, any σ(ω) can be as-
cribed to a single component. In a sense, this is fitting the data to an infinite number
of parameters. The test, of course, is whether ρn(ω) and τ(ω) turn out to be physi-
cally reasonable. When this fitting procedure is performed on the THz data, ρn(ω) is
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found to increase by more than a factor of three from 0.8 to 0.2 THz, implying a large
low-frequency renormalization of the quasiparticle mass. This seems highly unlikely
in that (1) a single value of m∗ is sufficient to describe σ(ω) in the UBC crystals and
(2) ARPES yields a single value for the renormalized Fermi velocity, independent of
ω and T [28].

3. In many samples the single component description requires ρn(T ) to vary as ρn(0)+
αT . There is no way to understand, in a mean-field picture of disorder, how ρn(T )
be singular as T → 0 in the presence of a large N (0).

7.3.2. Quantitative Modeling of σ(ω, T )

Below, we describe a model for σ1(ω, T ) in BSCCO thin films that allows a quantitative
description of the optical conductivity with a minimum of free parameters. The model posits
the presence of two components of the conductivity (in addition to the condensate δ-function).
The first component, which describes the entire microwave conductivity in YBCO, comes
from the quasiparticles that eventually enter the condensate as T → 0. The second component
does not vanish in the low T limit, and indeed its spectral weight actually increases with
decreasing T . Later, we will associate this component with fluctuations of the condensate
phase.

To model the first component we assume the same Drude spectrum for the quasiparti-
cle conductivity that could account for the entire σ(ω, T ) in the case of YBCO. The spectral
weight of this component is the normal fluid density that ultimately forms the condensate,
which is given by ρs(0) − ρs(T ). We note that ρn(T ) thus defined is not a free parameter,
but is determined directly from measurements of σ2(ω, T ). The only free parameter intro-
duced by this component is τ(T ). The measured σ1(T ) at any one ω completely determines
τ(T ) and hence the predictions of the Drude model for all ω and T in the superconduct-
ing state. Figure 7.14 shows the Drude component at several frequencies, together with the
data at a measurement frequency of 200 GHz. τ(T ) has been determined from σ1(T ) mea-
sured at 800 GHz, near the upper limit of the experimental range. Note that the choice of τ(T )
that describes the data at 800 GHz completely fails at 200 GHz.

As a first step in modeling the additional component of the conductivity, one can
compute the spectral weight left over after subtracting the Drude conductivity shown in
Figure 7.14. When this subtraction is performed, it is found that the spectral weight of the
remainder increases as T is lowered. Furthermore, the spectral weight increases in fixed pro-
portion to the growth of the superfluid density ρs(T ). In view of the connection to the super-
fluid density, we refer hereafter to this contribution to σ(ω) as the “collective” component.

Including the collective contribution yields the following parameterization of the
conductivity,

σ1(ω, T ) = ρnτ

1 + ω2τ 2 + κρs/Γcm

1 + ω2/Γ 2
cm

. (7.2)

In the above formula, the first term is the Drude contribution from condensing quasiparticles
and the second term is another Lorentzian peak which models the collective mode. The lat-
ter introduces only two additional, T -independent parameters: κ is the fraction of ρs(0) that
remains uncondensed at T = 0, and Γcm is width of the uncondensed contribution.

The formulation described above provides a remarkably good description of the optical
conductivity for all the samples. The comparison of the model with the measured conductiv-
ity for the optimal sample is illustrated in Figure 7.15 [20]. The collective mode parameters
are κ = 0.30 and Γcm = 1.5 THz. The T -dependence of 1/τ that provides the best fit to the
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Figure 7.14. Illustration of the difficulty of modeling the measured σ1(ω, T ) with the Drude conductivity of thermal
quasiparticles (Eq. (7.1)). Solid lines: Plots of Eq. (7.1) at several frequencies from 200 to 800 GHz, with ρn(T )

extracted from the measured σ2 and τ(T ) chosen to fit σ1(T ) as measured at 800 GHz. Solid symbols: σ1(T ) at 200
GHz as measured on a optimally doped BSCCO thin film.
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Figure 7.15. Comparison of the 2 + 1 fluid model (Eq. (7.2)) with σ1 as measured on an optimally doped BSCCO
thin film. Left panel: Difference between the measured σ1(T ) and quasiparticle Drude contribution (first term of
Eq. (7.2)), plotted at 0.2, 0.36, and 0.64 THz as squares, circles, and triangles, respectively. The dashed lines are the
collective mode conductivity (second term of Eq. (7.2)). Lower right panel: The difference between the measured
conductivity and the best fit using Eq. (7.2) is plotted on the same scale as the left panel, and can be attributed to
thermal phase fluctuations that occur in the neighborhood of Tc. Upper right panel: The quasiparticle scattering rate
1/τ , as determined from the best fit to Eq. (7.2), plotted vs. temperature with the T scale given by the panel below.

condensing quasiparticle contribution is shown in the upper right-hand panel of Figure 7.15.
The left-hand panel shows the result of subtracting the quasiparticle contribution, as mod-
eled by the first term of Eq. (7.2) from the measured conductivity. Clearly, what remains in-
creases monotonically with decreasing T over the entire range of measurement frequency. The
dashed lines indicate the values of the second term in Eq. (7.2). Finally the lower right-hand
panel shows the remainder when both terms of Eq. (7.2) are subtracted from the measured
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G

Figure 7.16. The two parameters, κ and Γ , that describe the collective mode conductivity as a function of hole con-
centration, δ. Squares: κ , the spectral weight of the collective mode expressed as a fraction of the condensate spectral
weight, increases monotonically with hole concentration. Circles: Γ , the width of the collective mode conductivity,
decreases with increasing hole concentration.

conductivity, illustrating that the model describes the data very well except for the peak near
Tc that results from thermally driven superconducting fluctuations [26].

One of the main benefits of the modeling is that it facilitates comparison of the data from
one sample to another. Figure 7.16 shows the variation in κ and Γcm across the measured range
of hole concentration. Note that κ increases rapidly with increasing concentration, reaching
almost 0.5 for the overdoped sample. The spectral weight of the collective mode contribution
to σ1 increases even more rapidly than does κ because ρs itself increases monotonically with
x . Figure 7.17 illustrates that ρs increases monotonically over the measured range of hole
concentration, despite the fact that Tc decreases beyond optimal doping.

7.4. Collective Mode Contribution to Optical Conductivity

7.4.1. Origin of the Collective Contribution

In Section 7.3 we showed that the optical conductivity of a set of BSCCO films could be
modeled by adding to the Drude conductivity of quasiparticles a component whose spectral
weight tracks ρs(T ) as T varies. The proportionality to ρs(T ) suggests a connection to current
fluctuations of the condensate. However, thermal fluctuations are clearly ruled out because
they decrease with decreasing T . Likewise, the quantum phase fluctuation conductivity of a
spatially homogeneous superconductor, which is ∼σQ ∼ 3 × 105 Ω−1 cm−1 [29], is far too
small to account for the observed conductivity.

A calculation performed by Doniach and Inui [30] suggests the conditions under which
the conductivity that arises from quantum phase fluctuations can become large. The supercur-
rent density arising from fluctuations of the order parameter phase is given by �Js = ρs∇φ.
This relationship implies that phase-fluctuation currents at wavevector q vanish in the q → 0
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Figure 7.17. Superfluid density as a function of temperature for representative under, optimal, and overdoped
BSCCO thin films. The superfluid density per Cu–O bilayer is expressed as an effective phase stiffness tempera-
ture through the relation kBTθ ≡ h̄ωG2(ω)/GQ, where G2 is the imaginary part of the conductance per layer and
GQ is the conductance quantum.

limit, and therefore make no contribution to the optical conductivity. The lowest order con-
tribution to σ(ω, q → 0) arises from combined amplitude and phase fluctuations with equal
but opposite wavevector, resulting in a q = 0 supercurrent. The fact that the current is sec-
ond order in fluctuations of the order parameter leads to a small value for the conductivity.
However, an implication of the Doniach and Inui calculation is that the phase fluctuation con-
ductivity could be enhanced by quenched disorder, as static variations of the order parameter
amplitude allow phase fluctuations of all wavevectors to contribute in first order to the optical
conductivity.

Another argument supporting the above conclusion is the following: consider a system
of clean-limit BCS superconductor islands connected by weak links with coupling J . If the is-
lands were infinite then superfluid density would equal the entire normal state spectral weight.
However, in the granular system the phase stiffness is limited by the weak links, leading to
a condensate spectral weight that is only ∼J . In the limit that J is small, virtually the en-
tire low-frequency spectral weight does not contribute to the superfluid density, i.e., remains
uncondensed as T → 0.

Barabash and Stroud [31] demonstrated that the general arguments above apply to disor-
dered superconducting systems by considering a Josephson junction network with quenched
variation δ J about the mean coupling J̄ . They showed that the global phase stiffness J is less
than J̄ (by 〈δ J 2〉/ J̄ ) because the phase varies more rapidly in regions where the stiffness is
below the average value. The connection to optical conductivity is as follows. The spectral
weight of the condensate δ-function is proportional to J , which is then less than total spec-
tral weight of condensate current fluctuations, proportional to J̄ . Thus inhomogeneity of the
superfluid density must displace spectral weight ∼〈δ J 2〉/ J̄ from the δ-function to nonzero
frequency. The fraction of spectral weight removed from the condensate (the parameter we
have previously defined as κ) is therefore to be identified with 〈δ J 2〉/ J̄ 2. We note that if J
varies, for example with T , in such as fashion as the relative variation 〈√δ J 2〉/ J̄ remains the
same, then the fraction of the condensate weight that is displaced will also be constant.
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7.4.2. Optical Conductivity in the Presence of Inhomogeneity

We have seen that, in the presence of static inhomogeneity, quantum phase fluctuations
contribute substantially to the optical conductivity. To determine whether quenched inhomo-
geneity in ρs is responsible for the anomalies in σ(ω, T ) discussed previously, we need to
consider where in ω-space the spectral weight removed from the condensate will reappear.
Conventional wisdom has it that, in a granular superconductor, the conductivity will appear
at the natural oscillation frequency of the order parameter phase, which is the Josephson
plasma frequency, ωs. In optimal cuprates this is a very large frequency, that is ωs/2π ∼√

SWU·150 THz, whereas the anomalous dissipation is found below ∼1 THz. Inhomogeneity
can only explain the anomalous σ(ω) in the cuprates if the displaced spectral weight actually
appears at frequencies much smaller than ωs.

With further reflection it is clear that the shifting of all spectral weight to ωs is a pecu-
liar feature of a “single-fluid” model, i.e., a superconductor with zero quasiparticle density.
Consider first a disordered superconductor in which the superfluid density varies with position
as 〈ρs〉 + δρs(�r) and ρn = 0. According to previous arguments, spectral weight 〈δρ2

s 〉/〈ρs〉
is removed from the condensate as a result of the disorder. In the neighborhood of ωs this
medium is simply a disordered conductor, and will have strong absorption bands related to
the Mie absorption of small metallic particles. Therefore it is reasonable that the spectral
weight removed from the condensate reappears at ωs. Next, consider a system with the same
distribution of superfluid density, but with nonzero normal fluid density distributed such that
δρn(�r) = −δρn(�r). Although this system is disordered at the frequency of superconducting
correlations, it is optically homogeneous near the Josephson plasma frequency (the fractional
variation in optical conductivity near ωs is ∼1/(ωpτ)2). Clearly for this system the spectral
weight that is shifted from the condensate cannot appear near ωs.

The difference in the two “Gendanken samples” described above is the number of fluid
components (or collective degrees of freedom). The superfluid-only sample has one collective
(phase) mode which lies near the plasma frequency. On the other hand, the two-fluid medium
has collective modes in which the super and normal components are either co- or counterprop-
agating. The counterpropagating mode will have ∇ · �J � 0 and therefore have an acoustic
rather than plasmonic spectrum. We may expect that this mode will be overdamped due to
the dissipation associated with the normal currents and therefore manifest as a Drude-like
contribution to the optical conductivity. In Section 7.4.3. we present a model calculation [32]
of the optical conductivity of a two-fluid system with quenched spatial inhomogeneity which
supports the qualitative predictions discussed above.

7.4.3. Extended Two-Fluid Model

To treat the conductivity in the presence of inhomogeneity we apply the extended two-
fluid phenomenology developed by Pethick and Smith [33] and Kadin and Goldman [34].
This approach successfully describes quenched inhomogeneity at the normal–superconductor
interface and fluctuating inhomogeneity, as in the Carlson–Goldman oscillations [35]. In the
extended two-fluid model the superfluid is accelerated by gradients of the chemical potential
as well as electric fields, that is,

�̇Js = ρs( �E − ∇[µs/e]). (7.3)

The chemical potential has the subscript “s” because in a superconductor µ is the energy
per electron required to add a pair to the condensate. The corresponding equation for the

joseph oresntein
Note
see attached for formatting of eq. 7.3
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normal fluid current requires solving the Boltzmann equation for the quasiparticle distribution
function. However, for frequencies less than 1/τ the distribution function is the equilibrium
distribution shifted by the “quasiparticle chemical potential” or µn. If the normal fluid is in
local equilibrium with the condensate, µn = µs, which differs from “global” equilibrium
where µn = 0. In the low-frequency regime the constitutive relation for the normal fluid has
the simple form:

�̇Jn = ρn( �E − ∇µn/e) − �Jn/τ. (7.4)

A closed system of equations requires continuity relations. The total charge of the supercon-
ductor separates naturally into a normal component, Qn, that depends on both the coherence
factors and the distribution function,

Qn ≡
∑

k

qk fk, (7.5)

where q2
k ≡ u2

k − v2
k , and a superfluid component that depends only on coherence factors,

Qs ≡
∑

k

2ev2
k = 2eNFµs. (7.6)

Under conditions for which µn can be defined, the normal fluid charge is given by,

Qn = 2NFλ(µs − µn), (7.7)

where NF is the normal state density of states at the Fermi level. The parameter λ relates the
normal fluid charge to the shift of µn away from local equilibrium.

In a superconducting medium the normal and superfluid charge are not separately con-
served. Interconversion of normal and superconducting charge occurs through two types of
processes. In the first process, Qn changes as quasiparticles recombine or scatter. In the sec-
ond, the quasiparticle charge changes even if fk remains constant. In this process, Qn varies
because the quasiparticle excitation spectrum, and consequently the effective charge, adjusts
to the local value of µs. Continuity equations that include both types of exchange between the
two fluids are:

Q̇n,s + ∇ · �Jn,s = (−,+)(
Qn

τQ
− λQ̇s), (7.8)

where τQ is the rate of conversion of normal charge into superfluid charge due to scattering
and recombination processes. The above system of equations is closed by ∇ · �E = Q/ε0.

To see how quenched inhomogeneity affects the optical conductivity, we consider the
simplest possible model: a static one-dimensional sinusoidal variation in normal and super-
fluid density. We assume that the densities of the two components vary as ρs,n(x) = 〈ρs,n〉 +
Re{ρsq,nqeiqx }, where 〈ρ〉 is the average density and ρq is the amplitude of the inhomogeneity
at wavevector q. Because the medium is inhomogeneous, a uniform applied field generates a
field at q. Solving the extended two-fluid equations to lowest order in ρnq,sq , we obtain,

Eq

E0
= − ρsq + ρnq F

ω2
s − ω2(1 − λ) + (ω2

n − iωλ/τ)F
, (7.9)

where,

F ≡ ω(ω + i/τ ∗
Q) − v2

s q2/(1 − λ)

(ω + i/τ)(ω + i/τ ∗
Q) − v2

nq2/λ
, (7.10)

and ω2
s,n ≡ ρs,n/ε0 + v2

s,nq2, v2
s,n ≡ ρs,n/2NFe2, and τ ∗

Q ≡ τQ(1 − λ).

joseph oresntein
Note
see attached for formatting of eq. 7.4
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The uniform current density in response to these fields is given by J0 = σ0 E0 +σq E−q ,
where σ0 is the uniform two-fluid conductivity and σq is the conductivity that varies with
wavevector q. In the two-fluid model these are given by,

σ0,q = iρs,sq

ω
+ iρn,nq

ω + i/τ
. (7.11)

The effective conductivity of the medium, σ = σ1 + iσ2, is the ratio of the uniform current
density to the uniform field, so that, σ = σ0 + σq E−q/E0. The second term in this equation
is the change in the optical conductivity due to inhomogeneity, or �σ .

The extra term in the conductivity is particularly simple if ρn = 0, in which case,

�σ2 = −ρsq

ω

ρsq

ω2
s − ω2 . (7.12)

Equation (7.12) shows that the inhomogeneity in the superfluid density indeed removes spec-
tral weight ρ2

sq/ρs from the condensate δ-function, in agreement with the results of [31]. In
the absence of a normal fluid component the spectral weight reappears in a δ-function at the
Josephson plasma frequency.

We next assume that ρn = 0, and describe how this assumption affects �σ(ω). We
focus on the behavior of �σ when the normal fluid density fluctuations are either per-
fectly correlated or anticorrelated with those of the superfluid density. We take for two-
fluid parameters values that are suggested by the terahertz and microwave experiments:
(ρs/ε0)

1/2 = 1,000 THz, (ρn/ε0)
1/2 = 800 THz, and τ−1 = τ−1

Q = 3 THz. If we make
the reasonable approximation of neglecting BCS coherence factors for the quasiparticle states
introduced by disorder, then λ = N (0)/NF.

We begin with the case where the density fluctuations are perfectly anticorrelated, so
that ρsq = −ρnq and the total fluid density is uniform throughout the medium. Figure 7.18
shows �σ1(ω) with (ρsq/ε0)

1/2 = 100 THz, for several values of vsqτ . �σ1(ω) is positive
and centered at ω = 0 rather than ωs. The spectra depend strongly on vsqτ . For vsqτ �1,
�σ1 has a Drude-like spectrum. As vsqτ increases beyond unity, the spectral weight drops
and a peak near the Carlson–Goldman frequency vsq appears in the spectrum.

∆s
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w
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Ω
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Figure 7.18. �σ1 as a function of frequency (ω/2π ) for anticorrelated variations in ρs and ρn. Spectral weight
decreases for increasing vsqτ : 0.25, 0.5, 1.0, and 2.0. The same curves are shown in a normalized plot in the inset.
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Figure 7.19. Comparison of the spectral weight displaced from the condensate by the quenched variation in ρs and
the spectral weight that appears in �σ1 at low frequency.

The key issue is the fraction of the displaced condensate spectral weight that appears in
the low-frequency peak, as opposed to frequencies near ωs. In Figure 7.19 we compare the re-
duction in condensate weight with the increase in dissipation at low frequency. The change
in condensate spectral weight was evaluated from the limω→0(π/2)ω�σ2(ω). The low-
frequency spectral weight was obtained by numerically computing the integral of �σ1 with
respect to ω from 0 to 100 THz. Figure 7.19 shows these two quantities, normalized to ρ2

sq/ρs,
as a function of vsqτ . They are equal in magnitude but opposite in sign, which shows that all
of the spectral weight removed from the condensate appears at low frequency and none ap-
pears at ωs. Moreover, the decrease of condensate spectral weight coincides exactly with the
prediction of Barabash et al. [31] as vsqτ → 0, but vanishes for vsqτ � 1.

The results presented above are a straightforward consequence of the anticorrelation of
the density fluctuations. There is no dissipation near ωs because the response of the medium
is homogeneous at high frequencies. The anomalous dissipation appears instead at low fre-
quency where the conductivity has strong spatial variations. σ is smaller in the regions that
are superfluid poor and normal fluid rich. E will be larger in such regions, which is precisely
equivalent to more rapid order parameter phase variation in regions of low stiffness. Thus
the additional low-frequency dissipation arises ultimately from an amplification of E in re-
gions with greater than average ρn. Finally, the dynamical inhomogeneity disappears when
q � (vsτ)−1 because the normal and superfluid response again become indistinguishable in
this regime.

We are now prepared to understand the sharp difference in �σ if the super and nor-
mal fluid density waves are positively correlated. Figure 7.20 shows �σ1(ω) calculated with
identical parameters as in Figure 7.1, except that ρsq = ρnq . The change in conductivity is
negative, and the spectra are nearly independent of q in contrast to the strongly q dependent
and positive change generated when ρsq = −ρnq . The reduction in conductivity is exactly
as expected from the previous arguments: now regions of large E coincide with normal fluid
poor regions and the dissipation is attenuated. The spectra are nearly independent of q be-
cause the dynamical inhomogeneity does not tend to zero when the normal and superfluid
response become indistinguishable. The spectral weight is displaced equally from the conden-
sate and the normal fluid, and weight 2ρ2

sq/ρs shifts to very high frequency. Finally, although
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Figure 7.20. �σ1 vs. frequency for the same parameters as Figure 7.1, except variations in ρs and ρn are positively
correlated.

the sensitivity of the conductivity spectrum to correlations in ρs and ρn are demonstrated for a
sinusoidal distribution, the essential predictions of the above model are supported by theories
that treat random spatial variations in the fluid densities [36, 37].

7.4.4. Comparison of Model and Experiment

In this section, we describe how the behavior of the optical conductivity in disordered
cuprate superconductors can be readily understood in the context of the model described
above. The three essential features to be explained are:

1. Many cuprates exhibit uncondensed spectral weight at low T , suggestive of a large
density of states at the chemical potential, while ρs(T ) remains linear to very low T ,
apparently inconsistent with large N (0).
Point (1) is difficult to explain in a mean-field picture of a disordered d-wave su-
perconductor because large N (0) implies that as T → 0 the superfluid density has
the asymptotic form, ρs(T ) = ρs(0) − BT 2. However, it is consistent with an inho-
mogeneous form of disorder in which regions of clean superconductor coexist with
metallic regions that provide the large N (0). Uemura has proposed superconduc-
tor/normal metal coexistence in cuprate superconductors on the basis of muon spin
resonance data as well as analogies to liquid 3He [38]. Such metallic regions need
not have ρs = 0 as superconductivity could be induced by the proximity effect.

2. The anomalous spectral weight appears at low frequency and, in a given sample, is
proportional to ρs(T ).
Point (2) follows if the local values of ρs(�r) and ρn(�r) are negatively correlated, such
that regions with large ρs have small ρn and vice versa.

3. The magnitude of the low-frequency spectral weight grows monotonically as samples
evolve from under to overdoped.
Point (3) is consistent with the picture of inhomogeneity implied by the LDOS mea-
surements in BSCCO crystals [14, 15]. These experiments reveal a distribution of
electronic properties that suggests variation in local hole concentration, x . As sam-
ples evolve from under to overdoped the mean of the distribution, x̄ , shifts toward
larger values. Eventually the distribution in x should span the d-wave superconductor
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(dSC)/normal metal phase boundary, with coexistence of super and normal patches
an inevitable consequence. Note that the model also explains why the uncondensed
spectral weight in underdoped samples appears to be small, despite the fact that the
fractional variation in the local ρs should be just as large as in optimal or overdoped
samples. In these samples the “weak links,” or regions with smaller ρs, are not metal-
lic. If anything their ρn is also smaller, so that the fluid densities are positively, rather
than negatively correlated. As we saw in the previous section, in this case the order
parameter phase fluctuations are not screened and the characteristic absorption ap-
pears near the plasma frequency. Indeed, this offers a possible explanation for the
anomalous mid-IR absorption observed in underdoped cuprates.

7.5. Summary and Outlook

7.5.1. Summary

We have presented an overview of the microwave and millimeter wave properties of
cuprate superconductors, illustrating the two types of low-frequency optical conductivity that
these materials exhibit. The first type, exemplified by ultra-pure and stoichiometric YBCO
single crystals, is well described by a single component originating from the Drude response
of thermal quasiparticles. In other cuprate systems that have been studied σ(ω) has an ad-
ditional component beyond the quasiparticle contribution, also centered at ω = 0, with a
typical width of ∼300 GHz. The existence of this peak has not been widely appreciated be-
cause its spectral weight lies in the gap between microwave and infrared regimes where most
measurements of optical conductivity are performed. However, when microwave, terahertz,
and infrared data are assembled in a composite plot, the presence of a Drude-like peak that
spans these three ranges is clearly revealed. We also presented an analogous plot of the opti-
cal conductivity of ultra-pure single crystalline YBCO, in which no terahertz measurements
have been performed. This composite plot reveals that the microwave conductivity does not
extrapolate smoothly to the infrared conductivity, hinting at the possible presence of structure
in the unmeasured region of the spectrum.

We showed that the extra component of σ(ω) is a collective mode that appears in the
q = 0 response function when the order parameter amplitude, |Ψ |, and the density of states at
the chemical potential, N (0), vary with position in the medium. Such variation in microscopic
parameters leads to a macroscopic description in terms of spatially varying super and normal
fluid densities. A simple model of one-dimensional sinusoidal variation in ρs and ρn showed
that the characteristic frequency of the collective mode depended strongly on the spatial cor-
relation of the fluid density variations. The collective mode spectral weight appears at the low
frequencies seen in experiments when the spatial variations are anticorrelated, such that the
total fluid density is roughly constant in the medium. Finally, we showed that the frequency,
temperature, and doping dependence of the optical conductivity in a series of BSCCO thin
films could be understood to arise from the combination of a quasiparticle Drude peak and the
collective mode described above.

7.5.2. Outlook and Directions of Future Research

The existence, origin, and ultimate importance of inhomogeneity are central questions
facing researchers seeking to understand high-Tc superconductivity in the cuprates (see the ar-
ticle by Kivelson and Fradkin in this volume). The existence of strong quenched variation in
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the superconducting order parameter remains an area of controversy. It has been argued that
the spatial variations seen directly by STM spectroscopy are confined to the surface of the
samples that have been studied [39]. Measurements of specific heat, NMR Knight shift, and
fluctuations near Tc are claimed to be inconsistent with the large amplitude fluctuations seen
in STM. Most relevant to optical conductivity measurements is the claim that the specific heat
varies as T 2 at low temperature, with no indication of a component linear in T that could be
identified with a nonzero N (0) in the superconducting state. However, this conclusion is con-
tradicted by other measurements which indicate that the linear coefficient of the specific heat,
γ , does not vanish even in “high-quality” single crystalline samples [40]. Indeed the quanti-
tative modeling of the low temperature specific heat in the cuprates is complicated, involving
possible contributions from normal electrons, d-wave quasiparticles, paramagnetic centers,
and phonons, all of which vanish as T → 0 (see the article by Phillips in this volume). When
compared to the specific heat, the optical conductivity is a much more direct probe of N (0).
Not only are there fewer possible contributors, but N (0) appears directly as a component of
the spectral weight that tends to a nonzero value as T → 0.

If we interpret the combination of σ(ω) and STM data as solid evidence for the exis-
tence of bulk inhomogeneity in cuprate superconductors, its origin becomes the central ques-
tion. This question can be framed in terms of intrinsic vs. extrinsic mechanisms, although
from certain perspectives the distinction is not always clear. Extrinsic inhomogeneity is that
component arising from spatial variation in the defects or chemical dopants that shift the
carrier concentration away from the half-filled Mott insulating state. Intrinsic inhomogeneity
occurs when CDW and/or SDW states compete with d-wave superconducting order. In the ab-
sence of disorder, intrinsic inhomogeneity is expected to vary with time, although potentially
at low-frequency scales. However, the presence of chemical or structural disorder could cause
quenching of low-frequency variations, generating static spatial inhomogeneity.

The crucial test for intrinsic inhomogeneity is “universality.” If the spatial variations
arise intrinsically from the physics of competing interactions, then they should appear in all
the cuprate families of compounds. As a test for universality, measurements of low-frequency
optical conductivity as a function of carrier concentration in more cuprate systems would be
quite useful. Of special interest would be the La2−x Srx CuO4 system, where quenched stripe-
like inhomogeneities are observed by neutron scattering [41] and large values of uncondensed
spectral weight have already been reported for optimally doped samples [8].

In connection with universality, characterization of the ultra-pure and highly ordered
YBCO system must been given special consideration. In mathematics, a single counter exam-
ple is sufficient to disprove a conjecture. In the field of high-Tc superconductivity it is difficult
to apply such rigorous logic, since experimental “truth” often changes over time. However, it
seems clear that the most stringent test for intrinsic inhomogeneity would be to detect it, albeit
in fluctuating form, in the cleanest of high-Tc materials. To date, interpretation of optical con-
ductivity in the YBCO crystal system has not required invoking strong spatial inhomogeneity.
The microwave conductivity is consistent with weak elastic scattering, while the infrared con-
ductivity appears to involve Holstein-like coupling to a bosonic spectrum with energies in
the 40 meV region, associated either with phonons or spin fluctuations [42]. However, the
composite broadband spectra presented in Figure 7.8 show that characterization of the optical
conductivity in YBCO is not complete. The missing range of the spectrum is the region above
carrier scattering rates but below the gap frequency, where intrinsic fluctuations may occur.
Future measurements that fill this information gap in YBCO, and extend our knowledge in
other cuprate systems, will be of great value in assessing the origin and role of inhomogeneity
in high-Tc superconductors.
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